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Abstract.  The  purpose  of  this  paper  is  to  introduce  a  new  method  of  “stabilizing”  spaces 
of  homomorphisms  Hom(7r,G)  where  tt  is  a  certain  choice  of  finitely  generated  group  and 
G  is  a  compact  Lie  group.  The  main  results  apply  to  the  space  of  all  ordered  n-tuples  of 
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these  spaces  into  a  single  space  for  all  n  >  0.  The  resulting  space  denoted  Comm(G)  is 
an  infinite  dimensional  analogue  of  a  Stiefel  manifold  which  can  be  regarded  as  the  space, 
suitably  topologized,  of  all  finite  ordered  sets  of  generators  for  all  finitely  generated  abelian 
subgroups  of  G.  The  methods  are  to  develop  the  geometry  and  topology  of  the  free  associative 
monoid  generated  by  a  maximal  torus  of  G,  and  to  “twist”  this  free  monoid  into  a  space  which 
approximates  the  space  of  “all  commuting  n-tuples”  for  all  n,  Gomm(G),  into  a  single  space. 

Thus  a  new  space  Gomm(G)  is  introduced  which  assembles  the  spaces  Hom(Z’^,G)  into 
a  single  space  for  all  positive  integers  n.  Topological  properties  of  Gomm(G)  are  developed 
while  the  singular  homology  of  this  space  is  computed  with  coefficients  in  the  ring  of  integers 
with  the  order  of  the  Weyl  group  of  G  inverted.  One  application  is  that  the  cohomology  of 
Hom(Z^,G)  follows  from  that  of  Gomm(G)  for  any  cohomology  theory. 

The  results  for  singular  homology  of  Gomm(G)  are  given  in  terms  of  the  tensor  algebra 
generated  by  the  reduced  homology  of  a  maximal  torus.  Applications  to  classical  Lie  groups 
as  well  as  exceptional  Lie  groups  are  given.  A  stable  decomposition  of  Gomm(G)  is  also  given 
here  with  a  significantly  finer  stable  decomposition  to  be  given  in  the  sequel  to  this  paper 
along  with  extensions  of  these  constructions  to  additional  representation  varieties. 

An  appendix  by  V.  Reiner  is  included  which  uses  the  results  here  concerning  Comm(G) 
together  with  Molien’s  theorem  to  give  the  Hilbert-Poincare  series  of  Gomm(G). 
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1.  Introduction 

Let  G  be  a  Lie  group  and  let  tt  be  a  finitely  generated  discrete  group.  The  set  of  homomor- 
phisms  Hom(7r,  G)  can  be  topologized  with  the  subspace  topology  of  G™  where  m  is  the  number 
of  generators  of  tt.  The  topology  of  the  spaces  Hom(7r,  G)  has  seen  considerable  recent  develop¬ 
ment.  For  example,  the  case  where  tt  is  a  finitely  generated  abelian  group  is  closely  connected 
to  work  of  E.  Witten  [32,  33]  which  uses  commuting  pairs  to  construct  quantum  vacuum  states 
in  supersymmetric  Yang-Mills  theory.  Further  work  was  done  by  V.  Kac  and  A.  Smilga  [23]. 

Work  of  A.  Borel,  R.  Friedman  and  J.  Morgan  [11]  addressed  the  special  cases  of  commuting 
pairs  and  triples  in  compact  Lie  groups.  Spaces  of  representations  were  studied  by  W.  Goldman 
[19],  who  investigated  their  connected  components,  for  tt  the  fundamental  group  of  a  closed 
oriented  surface  and  G  a  finite  cover  of  a  projective  special  linear  group. 

For  non-negative  integers  n,  let  Hom(Z",  G)  denote  the  set  of  homomorphisms  from  a  direct 
sum  of  n  copies  of  Z  to  G.  This  set  can  be  identified  as  the  subset  of  pairwise  commuting  n-tuples 
in  G”,  so  similarly  it  can  be  naturally  topologized  with  the  subspace  topology  in  G".  Spaces 
given  by  Hom(Z",  G)  have  been  the  subject  of  substantial  recent  work. 

In  particular,  A.  Adem  and  F.  Cohen  [2]  first  studied  these  spaces  in  general,  obtaining 
results  for  closed  subgroups  of  GL„(C).  Their  work  was  followed  by  work  of  T.  Baird  [9],  Baird- 
Jeffrey-Selick  [31],  Adem-Gomez  [7,  8,  6],  Adem-Cohen~G6mez  [3,  4],  Sjerve-Torres-Giese  [18], 
Adem-Cohen-Torres-Giese  [5],  Pettet-Suoto  [29],  Gomez-Pettet-Suoto  [20],  Okay  [28].  Most  of 
this  work  has  been  focused  on  the  study  of  invariants  such  as  cohomology,  Lf-theory,  connected 
components,  homotopy  type  and  stable  decompositions.  Recently,  D.  Ramras  and  S.  Lawton 
[24]  used  some  of  the  above  work  to  study  character  varieties. 

Let  G  be  a  reductive  algebraic  group  and  let  Lf  C  G  be  a  maximal  compact  subgroup. 
A.  Pettet  and  J.  Souto  [29]  have  shown  that  the  inclusion  Hom(Z",Ar)  ^  Hom(Z",G)  is  a 
strong  deformation  retract,  i.e.  in  particular  the  two  spaces  are  homotopy  equivalent.  Thus 
this  article  will  restrict  to  compact  and  connected  Lie  groups.  Note  that  the  free  abelian  group 
can  also  be  replaced  by  any  finitely  generated  discrete  group.  Assume  P  is  a  finitely  generated 
nilpotent  group.  Then  M.  Bergeron  [10]  showed  that  the  natural  map 

Hom(r,  K)  Hom(r,  G) 

is  a  homotopy  equivalence.  However,  most  of  the  results  in  this  paper  apply  only  to  the  cases  of 
free  abelian  groups  of  finite  rank. 

The  varieties  of  pairwise  commuting  n-tuples  can  be  assembled  into  a  useful  single  space  which 
is  roughly  analogous  to  a  Stiefel  variety  described  as  follows.  Recall  that  the  Stiefel  variety  over 
a  field  k 

Vk(n,TO) 

may  be  regarded  as  a  topological  space  of  ordered  m-tuples  of  generators  for  every  m  dimensional 
vector  subspace  of  k”,  see  [21]. 

The  purpose  of  this  paper  is  to  study  an  analogue  of  a  Stiefel  variety  where  k”  is  replaced  by 
a  compact  Lie  group  G,  and  the  m-dimensional  subspaces  are  replaced  by  a  particular  family  of 
subgroups  such  as 

(1)  all  finitely  generated  subgroups  with  at  most  m  generators  which  gives  rise  to  Hom(F'm,  G) , 
where  denotes  the  free  group  with  a  basis  of  m  elements,  or 

(2)  all  finitely  generated  abelian  subgroups  with  at  most  m  generators,  which  gives  rise  to 
Hom(Z™,G). 
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The  analogue  of  (1)  where  tt  runs  over  all  finitely  generated  subgroups  of  nilpotence  class  at 
most  q  with  at  most  k  generators,  or  the  analogue  of  (2)  where  tt  runs  all  finitely  generated 
elementary  abelian  p-groups  with  at  most  k  generators  will  be  addressed  elsewhere.  This  article 
will  focus  mainly  on  properties  of  examples  (1)  and  (2)  as  well  as  how  these  spaces  make  contact 
with  classical  representation  theory. 


Definition  1.1.  Given  a  Lie  group  G  together  with  a  free  group  on  k  generators,  the  space  of 
all  homomorphisms  Hom(Ffc,  G)  is  naturally  homeomorphic  to  with  the  subspace  Hom(Z^,  G) 
topologized  by  the  subspace  topology.  Define  Assoc{G),  Gomm{G),  and  Gommq{G)  by  the 
following  constructions. 

(1)  Let 

^ssoc(G)  =  1^  Hom(Ffe,G))/~ 

0<A;<oo 

where  ~  denotes  the  equivalence  relation  obtained  by  deleting  the  identity  element  of  G 
in  any  coordinate  of  Hom(T’fc,G)  for  fc  >  1  with  Hom(Fo,G)  =  {1g}  a  single  point  by 
convention.  In  addition,  Assoc{G)  is  given  the  usual  quotient  topology  obtained  from 
the  product  topology  on  Hom(Ffe,  G)  where  the  relation  is  generated  by  requiring  that 

(ffl  j  ■  ■  •  ;  9n)  ~  (51 )  •  ■  •  )  )  9n) 


if  =  1g  €  G. 
(2)  Let 


Gomm(G)=  |J  Hom(Z'=,  G))/ ~ 

0<fc<oo 


(3) 


topologized  as  a  subspace  of  ^ssoc(G),  where  ~  is  the  same  relation. 
Let 

Gomm{q,G)=  □  Aom{Fk/G^{Fk),G))l  ^ 

0<fc<oo 


topologized  as  a  subspace  of  Assoc{G),  where  ^  is  the  same  relation,  and  r'^(Ffe)  denotes 
the  q-ih  stage  of  the  descending  central  series  for  Fk. 


This  article  is  a  study  of  the  properties  of  the  space  Hom(Z",  G),  for  certain  Lie  groups  and 
for  all  positive  integers  n  assembled  into  a  single  space,  and  is  an  exploration  of  properties  of 
Comm(G)  regarded  as  a  subspace  of  Assoc(G).  The  main  reason  for  introducing  the  spaces 
Comm{G)  is  that  (1)  they  have  tractable,  natural  properties  which  (2)  descend  to  give  tractable 
properties  of  the  varieties  Hom(Z",  G)  as  addressed  in  this  article. 


Consider  the  free  associative  monoid  generated  by  G  denoted  J(G),  with  the  identity  element 
in  G  identified  with  the  identity  element  in  the  free  monoid  J(G).  This  last  construction  is  also 
known  as  the  the  James  construction  or  James  reduced  product  developed  in  [22].  The  first 
theorem  is  an  observation  which  provides  an  identification  of  AssociG)  as  well  as  a  framework 
for  Gomm{G);  the  proof  is  omitted  as  it  is  a  natural  inspection. 


Theorem  1.2.  Let  G  be  a  Lie  group.  The  natural  map 

J{G)  Assoc{G) 


is  a  homeomorphism. 


One  application  of  the  current  paper  is  to  give  explicit  features  of  the  singular  cohomology  or 
homology  of  Gomm{G)  for  any  compact  and  connected  Lie  group  G  with  the  order  of  the  Weyl 
group  inverted.  For  example,  one  of  the  results  below  gives  that  the  cohomology  of  Gomm(G) 
with  the  order  of  the  Weyl  group  inverted  is  the  fixed  points  of  the  Weyl  group  W  acting  naturally 
on  H*{G/T)  (8)T*[T],  where  T*[y]  denotes  the  dual  of  the  tensor  algebra  ^[T]  generated  by  the 
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reduced  homology  of  a  maximal  torus.  Furthermore,  if  ungraded  singular  homology  is  considered, 
the  total  answer  in  singular  homology  is  given  explicitly  in  terms  of  classical  tensor  algebras 
generated  by  the  reduced  homology  of  a  maximal  torus. 

The  singular  homology  groups  of  each  individual  space  Hom(Z”,G)  are  then  formally  given 
in  terms  of  those  of  Comm{G)  as  described  below.  To  give  the  explicit  answers,  a  tighter  hold 
on  fixed  points  of  the  action  of  W  on  H*{G/T)  ®  T*[l/]  is  required.  In  particular,  Molien’s 
theorem  can  be  applied  to  work  out  the  fixed  points  in  H*{G/T-,C)  (8)T*[y  the  resulting 

cohomology  groups  with  complex  coefficients  C,  see  the  appendix. 

In  the  ungraded  setting,  the  homology  groups  obtained  from  classical  representation  theory 
simplify  greatly,  and  the  ungraded  answers  follow  directly.  This  simplification  is  illustrated  by 
the  explicit  answers  for  the  cases  of  C/(n),  SU{n),  Sp{n),  Spin{n),  G2,  F4,  Eq,  E^,  reflecting 
the  fact  that  these  global  computations  for  Gomm{G)  are  both  accessible,  and  are  exhibiting 
natural  combinatorics.  These  specific  answers  are  given  in  sections  9,  and  10. 

This  information  depends  on  the  construction  given  next. 

Definition  1.3.  Given  a  Lie  group  G  together  with  a  maximal  torus  T  C  G,  form  the  free 
associative  monoid  generated  by  T,  denoted  J(T)  =  AssociT),  where  the  identity  of  T  is  iden¬ 
tified  with  the  identity  of  Assoc{T).  The  normalizer  of  T  in  G,  denoted  NT,  acts  on  T,  and  by 
natural  diagonal  extension  there  is  an  action  of  NT  on  Assoc(T).  The  normalizer  NT  thus  acts 
diagonally  on  the  product  G  x  Assoc{T).  The  orbit  space 

G  X  jvT  Assoc(T) 

is  useful  in  what  follows  next. 


Definition  1.4.  Given  a  Lie  group  G,  define 

E  :  G  ^  Gomm{G) 


by 


E{g)  =  [9], 

the  natural  equivalence  class  given  by  the  image  oi  g  €  G  =  Hom(Z,G)  in  Gomm{G).  Let 

Gomm{G)i^ 

denote  the  path-component  of  E{lc)  €  Gomm{G).  Let 

Hom(Z™,G)ic 

denote  the  path-component  of  (1g,  . . . ,  1g)  €  Hom(Z'",  G). 


The  next  Proposition  follows  at  once  from  [2]  and  Definition  1.1. 

Proposition  1.5.  Let  G  be  a  Lie  group.  If  every  abelian  subgroup  ofG  is  contained  in  a  maximal 
torus,  then  both  Hom(Z",G),  and  Gomm(G)  are  path- connected. 


Standard  examples  of  Proposition  1.5  are  U{n),  SU{n),  and  Sp{n).  On  the  other  hand  if 
G  =  SO{n)  for  n  >  2,  then  Gomm{G)  fails  to  be  path-connected. 

Namely,  it  follows  from  the  work  below  that  translates  of  AssocifT)  in  Assoc{G)  under  the 
natural  action  of  the  Weyl  group  give  a  “good”  approximation  for  the  space  of  all  commuting 
n-tuples,  Gomm(G).  This  process  is  identifying  commuting  n-tuples  in  terms  of  subspaces  of 
Assoc{G).  Furthermore,  the  space  Gomm(G)  can  be  regarded  as  the  space  of  all  ordered  finite 
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sets  of  generators  for  all  finitely  generated  abelian  subgroups  of  G  modulo  the  single  relation 
that  the  identity  element  Iq  of  G  can  be  omitted  in  any  set  of  generators. 


The  next  step  is  to  see  how  Gomm{G)  relates  to  earlier  classical  constructions.  In  particular, 
G  Xnt  Assoc{T)  maps  naturally  to  Comm{G)  and  is  an  infinite  dimensional  analogue  of  the 
natural  map 

6  :  G  X  jvT  T  ^  G 


given  by 


=9*9  ^ 


with  more  details  given  in  Section  2. 


Definition  1.6.  Define 
by  the  formula 
for  all  n. 


<d  :  G  X  jvr  Assoc{T)  — )■  Gomm{G) 
e{9,{ti,.  .  .  ,tn))  =  AV) 


The  space  Comm{G)  is  “roughly”  the  union  of  orbits  of  Assoc{T)  in  Assoc{G)  as  will  be  seen 
below.  The  next  step  is  a  direct  observation  with  proof  omitted. 

Proposition  1.7.  Let  G  be  a  compact  connected  Lie  group  with  maximal  torus  T  and  Weyl 
group  W .  The  map 

0  :  G  X  jvT  Assoc(T)  — )■  Gomm{G) 

is  well-defined  and  continuous.  Furthermore,  there  is  a  commutative  diagram 

GxntT  — ^  G 


G  xjqT  Assoc{T)  — - — Comm{G) 

■1 

G  xnt  Assoc{T)  — ^ — >  Assoc{G). 

In  addition,  the  map 

0  :  G  X  jvT  Assoc{T)  — )■  Gomm{G) 

factors  through  one  path- component  as  0  :  G  x  jvt  Assoc(T)  — >■  Gomm{G)i^,  and  there  is  a 
commutative  diagram  for  all  n>  0  given  as  follows: 

GxT”^  — ^  Hom(Z"*,G)iG 

1  _  1 

GxmtAssoc{T)  — - — >  Gomm{G)i^. 

A  second  useful  naturality  result  concerning  Gomm{G)  is  satisfied  for  certain  morphisms  of 
Lie  groups  which  preserve  a  choice  of  maximal  torus.  The  next  proposition  is  again  an  inspection 
of  the  definitions. 

Proposition  1.8.  Let  Th  and  Tq  be  maximal  tori  of  compact  Lie  groups  H  and  G,  respectively. 
If  a  continuous  homomorphism 


f-.H^G 
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is  a  morphism  of  Lie  groups  such  that  /{Th)  C  Tq,  then  there  is  an  induced  commutative  diagram 

H  X  Assoc(Th)  — ^ — >  Comm(H) 

/xAssoc(/)J^  |^Comm(/) 

G  XjVrg  Assoc{Tq)  — - — >  Comm{G). 

The  following  theorem  reduces  a  computation  of  the  homology  of  Comm{G)  to  standard 
methods,  and  is  proven  below. 

Theorem  1.9.  Let  G  be  a  simply- connected  compact  Lie  group.  Then  the  map 

0  :  G  X NT  Assoc{T)  — >■  Comm{G) 

has  homotopy  theoretic  fibre  which  is  simply -connected,  and  has  reduced  homology  which  is  en¬ 
tirely  torsion  with  orders  dividing  the  order  of  the  Weyl  group  W  of  G. 

The  next  feature  is  that  the  spaces  G  x nt  Assoc{T),  and  Comm(G)  admit  stable  decompo¬ 
sitions  which  are  compatible  as  well  as  provide  simple,  direct  computations. 


Definition  1.10.  Given  a  Lie  group  G,  define 

Sk{G)  =  5'(Hom(Z^G))  C  Hom(Z'=,G) 

as  those  /c-tuples  for  which  at  least  one  coordinate  is  equal  to  the  identity  element  Iq  €  G. 
Define 

G)  =  Hom(Z'=,  G)/S'fc(G). 

Remark.  Note  that  some  of  the  theorems  in  this  paper  require  that  the  inclusions  Sk{G)  ^ 
Hom(Z^,  G)  are  cofibrations.  For  this  to  be  true  it  suffices  to  assume  that  G  is  a  closed  subgroup 
of  GT„(C)  (see  [2,  Theoreom  1.5]),  and  we  assume  this  implicitly  whenever  necessary. 

In  what  follows,  S(X)  denotes  the  suspension  of  the  pointed  space  X.  The  following  theorem 
was  proven  in  [2]: 

Theorem  1.11.  Let  G  be  a  Lie  group.  Then  there  are  homotopy  equivalences 
S(a^(Z”,  G))  V  E(S'„(G))  ^  S(Hom(Z",  G)), 

and 

V  V  E(a^ii(Z^G))  ^  E(Hom(Z”,G)). 


The  first  result  concerning  the  suspension  of  GommiG)  is  as  follows. 

Theorem  1.12.  Let  G  be  a  Lie  group.  Then  there  is  a  homotopy  equivalence 

Y.{Gomm{G))  ^  \J  E(ffo^(Z",  G)). 

n>l 

The  spaces  Hom(Z'3,G)  for  1  <  q  <  n  give  all  of  the  stable  summands  of  Hom(Z”,G),  and 
so  these  spaces  determine  the  homotopy  type  of  the  suspension  of  Hom(Z”,G).  Thus  the  space 
Gomm{G)  captures  all  of  the  stable  structure  of  the  spaces  Hom(Z",G)  in  a  “minimal”  way 
by  splitting  into  a  wedge  after  suspending  of  exactly  one  summand  Hom(Z‘^,G)  for  each  integer 
q.  Namely,  Comm{G)  can  be  regarded  as  “the  smallest  space”  which  is  stably  equivalent  to  a 
wedge  of  all  of  the  “fundamental  summands”  Hom(Z'^,  G). 
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On  the  other  hand,  it  is  natural  to  ask  how  the  “fundamental  summands”  are  connected  with 
the  previous  construction  G  x  jsit  Assoc{T) .  Here  recall  the  definition  of  the  g-fold  smash  product 

fq  ^  rVS'(Hom(Z«,T)). 

Theorem  1.13.  Let  G  be  a  Lie  group.  Then  there  are  homotopy  equivalences 
S(G  XnT  Assoc{T))  I](g/TV  (V  G  X  NT  T^ I {G/NT)J 

^  9>1 

Theorem  1.13  is  used  to  obtain  the  next  result. 

Theorem  1.14.  Let  G  he  a  compact,  simply- connected  Lie  group,  and  assume  that  all  spaces 
have  been  localized  such  that  the  order  of  the  Weyl  group  has  been  inverted  (localized  away  from 
\W\).  Then  there  are  homotopy  equivalences 

S(G  xnt  fy{G/NT))  G)) 

for  all  q  >  1  as  long  as  the  order  of  the  Weyl  group  has  been  inverted. 

These  results  can  be  used  to  directly  work  out  the  homology  of  Hom(Z",G)  for  all  n,  and 
thus  Hom(Z",  G)  as  long  as  the  order  of  the  Weyl  group  has  been  inverted. 

There  is  a  natural  extension  to  all  finitely  generated  nilpotent  subgroups  of  nilpotence  class 
at  most  q.  There  is  a  space  that  assembles  all  the  spaces  Hom(T’„/r'^,  G)  into  a  single  space, 
denoted  X{q,  G)  (with  formal  dehnition  stated  in  Dehnition  4.1),  where  T®  denotes  the  q-ih  stage 
of  the  descending  central  series  of  Fj  for  all  j. 

Notice  that  the  spaces  X{q,  G)  give  a  filtration  of  J(G)  with 

Gomm{G)  =  X{2,  G)  C  X(3,  G)  C  ■  ■  ■  C  X{q,  G)  C  •  •  •  C  J(G). 

The  spaces  X{q,  G)  in  the  hltration  also  admit  stable  decompositions  as  in  the  case  of  X{2,  G); 
see  Section  4. 

Theorem  1.15.  Let  G  be  a  compact,  connected  Lie  group.  Then  there  are  homotopy  equivalences 
E(Hom(i^„/r«,G))-A  V  (\/S(Itoii(if,/r«,G)), 

and 

yx{q,G))^  V  E(H^(T)/r«,G)). 

1<J'<00 


Remark.  The  above  raises  the  question  of  identifying  the  stable  wedge  summands  of  other 
spaces  of  homomorphisms,  or  spaces  of  representations.  For  example,  these  methods  also  inform 
on  the  spaces  of  homomorphisms  from  a  free  group  on  n  letters  modulo  the  stages  of  either  the 
descending  central  series  or  mod-p  descending  central  series.  It  is  currently  unclear  whether  these 
spaces  inform  on  representation  varieties  associated  to  fundamental  groups  of  Riemann  surfaces, 
but  it  seems  likely  that  these  methods  will  inform  on  representation  varieties  for  braid  groups. 
Furthermore,  the  space  Gomm{G)  maps  naturally  by  evaluation  onto  the  space  of  closed,  finitely 
generated  abelian  subgroups  of  G  topologized  by  the  Chabauty  topology  as  in  [13].  It  is  natural 
to  ask  whether  this  map  is  a  fibration  with  fiber  J(T). 


Finer  stable  decompositions  of  the  space  Gomm(G)  and  Hom(Z”,G),  as  well  as  further  anal¬ 
ysis  of  the  combinatorics  arising  here  in  homology  will  appear  in  a  sequel  to  this  paper. 
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Homological  applications  of  the  above  decompositions  are  given  next.  Let  L  be  a  discrete 
group  and  i?[r]  be  the  group  ring  of  L  over  the  commutative  ring  R.  Let  M  he  &  left  i?[r]- 
module.  Recall  that  the  module  of  coinvariants  Mr  is  the  largest  quotient  of  M  such  that  L  acts 
trivially  on  that  quotient.  That  is,  Mr  =  M/I,  where  I  is  the  group  generated  by  7  •  m  —  m,  for 
all  7  €  r  and  m  €  M .  Furthermore, 

T[H] 

denotes  the  tensor  algebra  generated  by  the  free  i?-module  V.  Throughout  this  section  R  = 

Theorem  1.16.  Let  G  be  a  compact,  connected  Lie  group  with  maximal  torus  T  and  Weyl  group 
W .  Then  there  is  an  isomorphism  in  homology 

^  H,{G/T-,  R)  7[V] 

where  V  is  the  reduced  homology  of  the  maximal  torus  T. 

Let  and  7u  denote  ungraded  homology  and  the  ungraded  tensor  algebra,  respectively. 
Then  the  following  theorem  holds. 

Theorem  1.17.  Let  G  be  a  compact  and  connected  Lie  group  with  maximal  torus  T  and  Weyl 
group  W .  Then  there  is  an  isomorphism  in  ungraded  homology 

H^{Comm{G)i;R)  7u[V] 
where  V  is  the  reduced  homology  of  the  maximal  torus  T. 

If  G  is  a  compact  and  connected  Lie  group  such  that  every  abelian  subgroup  of  G  is  in  a 
maximal  torus,  then  the  following  corollary  holds. 

Corollary  1.18.  Let  G  be  a  compact  and  connected  Lie  group  with  maximal  torus  T  and  Weyl 
group  W  such  that  every  abelian  subgroup  of  G  is  in  a  maximal  torus.  Then  there  is  an  isomor¬ 
phism  in  homology 

H„{Gomm{G)-R)  H^{G/T-R)  (^r[w]  ‘^iV] 
where  V  is  the  reduced  homology  of  the  maximal  torus  T. 

Examples  of  this  last  corollary  are  given  below  for  the  cases  of  U{n),  SU{n),  Sp{n),  Spin{n), 
and  the  5  exceptional  compact  simply-connected  simple  Lie  groups  G2,  F4,  Gg,  Gy,  and  Gg  in 
Sections  9  and  10.  The  Poincare  series  for  the  ungraded  homology  groups  are  also  recorded  in 
Sections  9  and  10. 

Let  G  be  a  compact,  connected  Lie  group  with  maximal  torus  T  and  Weyl  group  W.  Let  G 
denote  the  homology  of  G/T  with  real  coefficients  where  Gi  =  Gi(G/T;IR),  and  G*  is  defined  by 
G*  =  H\G/T-,m.). 

The  Hilbert-Poincare  series  for  the  rational  cohomology  of  Gomm{G)  is  computed  as  follows. 

Consider  the  IT-action  on  the  exterior  algebra  G  =  AM”  =  G*(T;M)  as  well  as  the  reduced 
exterior  algebra  G,  namely,  the  reduced  homology  of  T,  given  by  0^^;^A*M”.  Then  W  acts 
diagonally  on  the  M-dual  T*  [G]  of  the  tensor  tensor  algebra  generated  by  G,  the  cohomology  of 
J(r).  The  group  W  acts  diagonally  on  the  tensor  product  G*  0  T*[G]  giving  the  action  on  the 
cohomology  of  G/T  x  ■J{T). 

These  modules  are  naturally  trigraded  by  both  homological  degree  as  well  as  tensor  degree 
arising  from  the  tensor  algebra,  and  have  a  natural  N^-trigrading  as  follows.  First,  the  homology 
of  J(T)  is  given  by  the  direct  sum 

M0  (A'=iM”(g)---(g)A'=™M”). 

j^ki-\ - \-k^ 

kq>0 
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Then  the  sub-module  of  elements  of  tri-degree  in  the  homology  of  G/T  x  J{T)  for  fixed 

m  >  0  is  given  by  the  direct  sum 

j  =  ki-{ - hfem 

kq>0 

such  that  1  <  q  <  m,  A^M”  lies  in  homological  degree  k.  To  compute  in  cohomology,  the  K-dual 
of  A^iR"  0  •  •  •  0  A^™IR"  lies  in  homological  degree  j  =  ki  +  ■■■  +  km  oi  7*  [E]  as  well  as  tensor 
degree  m  >  0.  The  special  case  with  m  =  0  is  by  convention  0  M  =  Q  in  tri-degree  {i,  0,  0). 

Definition  1.19.  Consider  the  module 

(QOA'=iM”(g)---(g)A'=™M")  form>0 

j  =  ki-\ - hfem 

fc,>0 

together  with 

=  Cj  0  M. 

The  diagonal  action  of  W  on  the  tensor  product  C*  (8)T*  [E]  over  K  respects  this  -trigrading. 
The  tri-graded  Hilbert-Poincare  series  for  the  module  of  invariants  is  defined  by 

Hilb  (" (c*  0  r  [E])'^  ,q,s,t)=  Y.  dimR{MY^))q^sH^. 

^  ^  i,m>0 

j^ki-\ - \-k^ 

Let  di, .  ■  ■  ,dn  be  the  fundamental  degrees  of  W  (which  are  defined  either  in  the  Appendix 
or  [14,  §4.1]).  Note  that  the  degrees  for  algebra  generators  of  polynomial  rings  such  as  the 
cohomology  ring  of  BT  and  their  images  in  E[*(G/T;  M)  are  given  by  doubling  “the  fundamental 
degrees  of  W”  (di,....,(i„)  in  the  cited  work  by  Shephard  and  Todd  et  al.  The  “fundamental 
degrees  of  IT”  are  doubled  here  in  order  to  correspond  to  the  usual  conventions  for  “topological 
gradings”  associated  to  the  cohomology  of  the  topological  space  BT. 


The  following  result  is  proven  in  the  Appendix. 


Theorem  1.20.  If  G  is  a  compact,  connected  Lie  group  with  maximal  torus  T,  and  Weyl  group 
W,  then 


m\h( (^G*  (g)  7* [E]^'^  ,q,s,t 


|1T| 


E 

wGW 


det(l  —  q'^w)  (1  —  t(det(l  -I-  sw)  —  1)) ' 


Example  1.21.  The  Hilbert-Poincare  series  for  Gomm(G)  where  G  =  17(2)  is  worked  out  in 
two  ways.  One  way  is  the  formula  given  in  Theorem  1.20.  The  second  way  is  by  enumerating 
the  representations  of  IT  which  occur  in  G*  0  T*  \E] . 

(1)  The  Weyl  group  IT  is  E2  with  elements  1,  and  w  1. 

(2)  The  homology  of  the  space  G/T  =  U{2)/T  =  is  M  in  degrees  zero  and  two,  and  is 
{0}  otherwise. 

(3)  The  degrees  (di,d2)  in  Theorem  1.20  are  given  by  {di,d2)  =  (1,2). 

(4)  The  sum  in  Theorem  1.20  runs  over  w  and  1  €  IT. 

Then  the  formula  given  in  Theorem  1.20 

Hilb  (^(g*OT*[E]) =  il^^Ei:^(Ai+A„), 


where  Ai  = 


Thus 


(1 -g2)2(i  _<[(!  +  5)2  _1]) 


and  A„ 


(l-g2)(i_^4) 


(^i)  = 


2{1  -  t{s^  +  2s)) 


1 

{l-q2)(l  +  q2)^l-t[{l  +  s){l-s)-l])- 


1-g" 
2{l  +  sH)' 


2 


and 


2 
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The  Hilbert-Poincare  series  is  then  given  by 


Hilb 


w 


1  +  g"  1  -  g" 

2(l-t(s2  +  2s))  2(1 +  sH)' 


From  this  information,  it  follows  that  the  coefficient  of  t™,  m  >  0,  is 


^[(l  +  g^)(s^  +  2sr  +  (l-g^)(-s^r] 


E  2^-' 


if  m  is  even,  and 

q2g2m  ^  jg 


Keeping  track  of  the  representations  of  W,  an  exercise  left  to  the  reader,  gives  an  independent 
verihcation  of  the  formula  in  Theorem  1.20  for  this  special  case. 


Theorem  1.14  states  that  if  G  is  a  compact,  connected  Lie  group,  then  there  are  homotopy 
equivalences 

E(G  xjvT  f™/(G/lVT))  ^  G)) 

for  all  m  >  1  as  long  as  the  order  of  the  Weyl  group  has  been  inverted  (spaces  are  localized  away 
from  |1F|).  The  reduced,  real  cohomology  of  G  x  jyr  / (G /T)  as  well  as  Hom(Z'",  G))  is  given 
by 

i  =  felH hfcm  i  =  fclH hfcm 

i>0  i>0 

By  Theorem  1.11,  there  are  homotopy  equivalences 

V  V  S(a^(Z^G))  ^  S(Hom(Z™,G)). 

Corollary  1.22.  Let  G  be  a  compact,  connected  Lie  group  as  in  Definition  1.19.  Then  there  are 
additive  isomorphisms 

iJ''(Hom(Z-,G);M)^  ^  ^  ^  ®Cr) 

l<s<mi-\-j—d  ^  j—ki-\ - \-ks 

i>0 

Remark.  The  analogue  of  the  Hilbert-Poincare  series  for  iJ*Hom(Z'",  G)  can  be  given  in  terms 
of  that  for  Gomm(G). 


Acknowledgement:  The  authors  thank  V.  Reiner  for  including  the  appendix  in  this  paper 
along  with  his  formula  giving  the  Hilbert-Poincare  series  for  Comm(G). 


2.  Proof  of  Theorem  1.9 

Let  G  be  a  compact  and  connected  Lie  group.  Let  Hom(Z”,G)i^  denote  the  connected 
component  of  the  trivial  representation  1  =  (1,...,1)  in  Hom(Z",G).  Since  T"  consists  of 
commuting  n-tuples,  is  path-connected,  and  contains  1,  it  is  a  subspace  of  Hom(Z”,G)i  C  G". 
In  addition,  G  acts  on  the  space  T”  by  coordinatewise  conjugation 

6l„  :  G  X  T"  ^  Hom(Z",G)i,3 

g  X  (ti,...,tn)  ^ 


ON  SPACES  OF  COMMUTING  ELEMENTS  IN  LIE  GROUPS 


11 


where  =  gtg~^ .  An  n-tuple  (hi, . . . ,  hn)  of  elements  of  G  is  in  Hom(Z”,G)i(,  if  and  only 
if  there  is  a  maximal  torus  such  that  all  hi  are  in  that  torus.  Since  all  maximal  tori  in  G  are 
conjugate  (see  [1]),  it  follows  that  the  map  is  surjective. 

The  maximal  torus  T  acts  diagonally  on  the  product  G  x  T" 

A  -  (5^5  ^  G  5  ■  ■  ■  5  ^n)  • 

Hence,  T  acts  trivially  on  itself.  Thus  the  map  factors  through  (G  x  T")/T  =  G  x^T".  Thus 
there  is  a  surjection 

On  ■■  G/T  X  T"  ^  Hom(Z",  G)i. 

Moreover,  the  Weyl  group  IT  of  G  acts  diagonally  on  G/T  x  T”  by 
w  ■  {gT,ti,.  ..,tn)  =  {gwT,w~^tiw, . . . , 
where  gT  is  a  coset  in  G/T.  It  follows  that  the  map  is  IT-invariant  since 

{gw,  w~^tiw, w~^tnw)  =  {{gw)w~^tiw{gw)~^ , {gw)w~^t„w{gw)~^) 

=  {gtig~^,---,gtng~^)- 

Therefore,  the  map  factors  through  G  x  nt  T”  and  so  there  are  surjections 

:G/rxivT”^Hom(Z",G)ic 

for  all  n. 

In  what  follows  let  R  =  Z  [1/|IT|]  denote  the  ring  of  integers  with  the  order  of  the  Weyl  group 
of  G  inverted. 

Lemma  2.1.  If  G  is  a  compact  and  connected  Lie  group  with  maximal  torus  T  and  Weyl  group 
W,  then  H:t{{9n)~^{gi, . . . ,  gn)',  R)  is  isomorphic  to  the  homology  of  a  point  H^{pt,  R) . 

Proof.  See  [9,  Lemma  3.2]  for  a  proof.  Note  that  Q  suffices  for  the  ring  of  coefficients,  but  so 
does  R.  □ 

The  following  theorem  is  recorded  to  prove  the  next  result.  See  [9]  for  a  proof. 

Theorem  2.2  (Vietoris  &  Begle).  Let  h  :  X  — )■  Y  be  a  closed  surjeetion,  where  X  is  a 
paraeompact  Hausdorff  space.  Suppose  that  for  all  y  GY,  H^{h~^{y),R)  =  TL,{pt,R).  Then  the 
induced  maps  in  homology  /i*  :  i?*  (A,  R)  — >  (T,  R)  are  isomorphisms. 

Let  Gomm{G)i^  be  the  connected  component  of  the  trivial  representation,  see  Definition  1.4. 

Theorem  2.3.  Let  G  be  a  compaet  and  connected  Lie  group  with  maximal  torus  T  and  Weyl 
group  W .  Then  there  is  an  induced  map 

0  :  G  XnT  J{T)  — )■  Gomm{G)i^ 

together  with  a  commutative  diagram  for  all  n  >  0  given  as  follows: 

GxT"^  — ^  Hom(Z™,G)iG 

1  _  1 

Gxn.j..J{T)  — ^ — >  Gomm{G)i^. 

Furthermore,  &  is  a  surjection  and  the  homotopy  theoretic  fibre  of  this  map  0  :  Gxn.j.J{T)  — >■ 
Comm{G)  has  reduced  singular  homology,  which  is  entirely  torsion  of  an  order  which  divides  the 
order  of  the  Weyl  group. 
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Proof.  There  is  an  induced  map 

0  :  G/T  XiY  J{T)  — )■  Comm{G)i^, 

which  is  a  surjection.  Define  Jn{T)  to  be  the  n-th  stage  of  the  James  construction  defined  by 
the  image  of 

y  T" 

0<q<n 

as  a  subspace  of  J(T)  with 

J(T)  =  colim  J„(r) 

for  path-connected  CW-complexes  T.  Next  define  Gommn{G)  to  be  the  image  of 

y  Hom(Z«,G) 

Q<q<n 

as  a  subspace  of  Gomm{G)  with 

Gomm(G)  =  colim  Gomm„(G). 

Then  0  restricts  to  maps 

0  :  G/T  XvF  Jn{T)  — )■  Gomm„(G) 

for  all  integers  n  >  1. 


Now  consider  the  surjections 

:G/TxivT”^Hom(Z",G)ic 

which  induce  homology  isomorphisms  if  |1T|  is  inverted.  These  maps  restrict  to  surjections 

L-G/TxwSniT)^S^{G) 

which  similarly  induce  homology  isomorphisms,  where  Sn(T)  is  the  set  of  all  n-tuples  in  T"  with 
at  least  one  element  the  identity  Iq-  Note  that  S'(Hom(Z”, T))  =  Sn{T). 

Moreover,  the  inclusions 

G/TxwS„{T)  c  G/TxwT^ 

and 

5'„(G)  C  Hom(Z",G)i,3 

are  cofibrations  with  cofibres  G/T  x^  T^/{G/NT)  and  Hom(Z”,G)ig,  respectively.  Equiva¬ 
lently,  there  is  a  commutative  diagram  of  cofibrations 

G/TxwS„{T)^^  G/TxwT^  - >  G/T  x^  f^/iG/NT) 

j-  ^  1 

Sn{G)  — ^ Hom(Z”,G)ij,  - 5-  Hom(Z”,  Gji^,. 

The  five  lemma  applied  to  the  long  exact  sequences  in  homology  for  the  cofibrations  shows 
that  the  maps 

G/T  xvF  T”/(G/AfT)  ^  Ih^(Z”,G)ic 

induce  isomorphisms  in  homology  with  the  same  coefhcients.  Note  that  from  the  stable  decom¬ 
positions  in  Theorems  1.13  and  1.15,  it  follows  that  the  cofibres  above  are  the  stable  summands 
of  the  spaces  G/T  Xw  J{T)  and  Comm{G)i^,  respectively.  The  map 

0  :  G/T  Xw  J{T)  — >■  Comm{G)i^ 

induces  a  map  on  the  level  of  stable  decompositions  which  is  a  homology  isomorphism  in  each 
summand.  Therefore,  0  induces  a  homology  isomorphism  with  coefhcients  in  Z[1/|IT|].  □ 
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Note  that  this  also  proves  Theorem  1.14. 


3.  Proof  of  Theorem  1.13 

The  purpose  of  this  section  is  to  record  a  proof  of  Theorem  1.13  which  gives  a  decomposition 
of  the  suspension  of 

YxgJ{X) 

with  certain  natural  hypotheses.  The  main  result  here  is  very  close  to  earlier  results  in  the 
literature,  but  the  full  details  are  included  for  the  convenience  of  the  reader. 

Let  X  be  a  ClT-complex  with  base-point  *,  and  let  G  be  a  topological  group,  not  necessarily 
a  Lie  group,  which  acts  on  X  fixing  the  base-point. 

Definition  3.1.  The  James  reduced  product  on  X  is  defined  to  be 

JiX)  :=  □  X-/ 

n>0 

where  ~  is  the  equivalence  relation  generated  by  the  relation 

(xi,  .  .  .  ,  Xji')  ~  (3I1,  •  .  •  ,  —  .  .  .  ,  Xfi')  if  Xi  — 

with  the  convention  that  is  the  base-point  *. 


One  example  is  the  space  J(G)  =  Assoc{G),  where  G  is  a  Lie  group.  The  space  J{X)  has  the 
structure  of  an  associative  monoid  with  elements  being  the  reduced  words  of  the  form  xi  ■  •  ■  Xk, 
where  *  Xi  €  X  for  all  i,  or  all  of  them  are  *,  and  the  multiplication  being  concatenation  of 
words.  If  NT  is  a  G-space  for  which  G  fixes  the  base-point,  then  J{X)  is  also  a  G— space  with  the 
natural  action.  The  James  reduced  product  also  has  a  natural  filtration  as  follows. 

Definition  3.2.  Let  Jq{X)  C  J{X)  be  the  image  of  X‘^  in  J{X).  Then 

Jq{X)=  □  XV 

l<i<q 

where  ~  is  the  same  relation  as  in  Definition  3.1.  So  Jq{X)  is  the  subspace  consisting  of  words 
with  length  at  most  q. 

The  filtration  of  J{X)  is  given  by 

Jo(X)  =  i  C  Ji(x)  =  X  C  J2iX)  C  •  •  •  C  Jq{X)  C  •  •  •  C  J(X), 
where  G  acts  on  each  Jq{X)  in  the  natural  way.  Moreover,  the  inclusions  Jg_i(X)  ^  JqiX) 
are  cofibrations  with  cofiber  Jq{X)/ Jq-i{X)  =  X'^,  where  X'^  =  X  A  •  •  •  A  X,  the  g-fold  smash 
product  of  X  with  itself.  This  follows  since  the  diagram 

J,_l(X)  Jq{X) 

commutes,  where  pi  and  p2  are  the  quotient  maps  by  the  relation  This  is  recorded  in  the 
next  lemma,  which  follows  from  either  I.  James  [22]  or  J.  P.  May  [25]. 

Lemma  3.3  (James).  If  X  has  a  non- degenerate  hase-point,  then  the  inclusions 

Jq.liX)  ^  Jq{X) 


are  cofibrations  with  cofibre  X'^ . 
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Let  X  be  of  the  homotopy  type  of  a  connected  CbL-complex.  Consider  the  following  theorem 
which  is  due  to  I.  James  [22],  Also  see  [21,  Section  4.J]  for  another  exposition. 

Theorem  3.4  (James).  There  is  a  map  of  spaees  a  :  J(X)  — >■  OEJf  which  is  natural  for 
morphisms  in  X  which  preserve  the  base-point.  Furthermore,  if  X  has  the  homotopy  type  of  a 
connected  CW— complex,  then  the  map  a  is  a  homotopy  equivalence. 


First  we  prove  the  following  theorem  which  is  an  equivariant  setting  of  a  result  first  proven 
by  James  as  well  as  Milnor  (in  the  context  of  free  simplicial  groups  see  [27].).  Then  we  use  this 
proof  to  inform  on  the  spaces  Comm{G). 

Theorem  3.5.  Let  X  be  a  path- connected  G— space  with  non- degenerate  base-point  which  is  fixed 
by  the  action  of  G.  There  is  a  G-equivariant  homotopy  equivalence  T,J{X)  ~  AT"). 


The  following  technical  lemma  is  used  in  the  proof  of  Theorem  3.5.  See  [17]  for  a  proof. 

Lemma  3.6.  A  map  /  :  A  — >  flB  extends  to  J(A)  ~  flEA,  that  is,  there  exists  a  map  f  : 
J(A)  — >  Ll(B)  such  that  the  following  diagram  commutes 

A - - - >  LIB 

..4 

7 

J{A)  =  n^A. 


Proof  of  Theorem  3.5.  Let  [n]  =  {1, . . . ,  n}.  Define  a  map  H  as  follows 

H-.J{X)-,J{\/X‘‘) 

9>1 

(Xi,  .  .  .  ,X„)  1-A  Xi 

/C[n] 

where  x/  =  A  •  •  •  A  for  /  =  (ii, . . . ,  iq)  running  over  all  admissible  sequences  in  [n],  that 
is  all  sequences  of  the  form  {ii  <  ■  ■  ■  <  iq),  and  x/  having  the  left  lexicographic  order.  From 
Theorem  3.4  it  follows  that  there  is  a  homotopy  equivalence  Jif\J q^i  X'^)  ~  LVF{\J X'^).  Now, 
it  follows  from  Lemma  3.6  that  there  is  a  map  H ,  such  that  the  following  diagram  commutes 

J{X) - ^ .  fis(V„>iX") 


j{j{x))  =  dej(a:). 

The  claim  is  that  is  a  homotopy  equivalence,  and  therefore  there  is  a  homotopy  equivalence 

XJiX)  ~  S(  Y  X”). 

n>l 

To  prove  the  claim  we  use  induction  and  the  filtration  in  definition  3.2. 

For  n  =  1  there  is  a  map  of  spaces 

XJi{X)  =  Y,X  — ^  E(  Y  X”)  =  EX 

l<n<l 
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which  is  a  homotopy  equivalence.  Since  the  suspension  of  cofibrations  is  a  cofibration,  there  are 
cohbrations  SJi(X)  ^  Y1J2{X)  and  SX  ^  E(X  V  X"^)  both  with  cofiber  X"^  as  follows 

EJi(X)  -A  SJ2(X)  ^  Y,{J2{X) / ,h{x))  = 

SX  -A  T.{X  V  ^  S((X  V  X‘^)IX)  = 

So  there  is  a  commutative  diagram 

EJi(X)  - ^ ^  EX 

Y,J2{X)  S(X  VX2) 

•4^  -4^ 

EX2 - ^ ^  EX^. 

Hence,  there  is  a  map  hi  which  is  a  homotopy  equivalence.  Now,  assume  there  is  a  homotopy 
equivalence  E  Jq(X)~E(\/i<„<,j  X”).  There  are  cofibrations 

EJ,(X)  ^  EJ,+i(X)  ^  E(J,+i(X)/J,(X))  =  EX«+\ 

E(  y  X") — ^E(  y  X”) — ^E((  y  x")/(  y  x”))  =  Ex«+b 

l<n<g+l  l<n<g+l 

So  there  is  a  homotopy  commutative  diagram  of  spaces 

EJ,(X)^^E(Vi<„<,X") 

EJ,+i(X)  >E(V 

l<n<g+l  ^  ) 

EX«+i  - ^ ^  EX«+b 

Hence  hq  is  a  homotopy  equivalence.  Therefore,  by  induction  there  is  a  homotopy  equivalence 

EJ(X)  ~  E(  Y  X”). 

n>l 

The  group  G  acts  on  the  product  X”  by 

g  ■  {xi, . . .  ,Xn)  =  {g  ■  xi,. . .  ,g  ■  Xn)- 
Hence,  G  acts  on  the  n-fold  smash  product  X"  by 

g  ■  {xi  A  ■  ■  ■  A  x„)  =  {g  ■  xi  A  ■  ■  ■  A  g  ■  a;„). 

These  two  actions  induce  actions  of  G  on  J(X)  and  J(\/„>i-^”),  respectively.  Note  that,  by 
hypothesis,  the  action  satisfies  g-*  =  *  for  all  g  &  G.  The  map  H  :  J(X)  — >  J(Vn>i  ^”)  satisfies 

H{g  ■  (xi, . .  .,Xn))  =  H{g  ■  xi, . . .  ,g  ■  Xn) 

=  n  ig-x^^A---Ag-x^J 

{ii,...,i,}=/C[n] 

=  5  •  (  n  ^l)  =  9-  H{xi,  ■..,Xn) 

IC[n] 
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SO  it  is  G-equi variant.  Similarly,  it  follows  that  the  map 

J(J(X))->  J(\/  X") 

n>l 

is  also  G-equi  variant,  by  extending  H  multiplicatively.  □ 

Using  a  similar  method  of  induction,  the  following  decomposition  theorem  holds. 

Theorem  3.7.  Let  Y  be  a  G-space  such  that  the  projection  Y  — >  Y/G  is  a  locally  trivial  fibre 
bundle.  Let  X  be  a  G-space  with  fixed  base-point  *.  Then  there  is  a  homotopy  equivalence 

Y{Y  XG  J{X))  cs  E(y/G  V  ( V  XG  X")/(r  XG  *))). 

n>l 

Before  proving  the  theorem,  the  following  technical  lemma  is  required. 

Lemma  3.8.  Let  Y  be  a  G-space  such  that  the  projection  Y  — >  Y/G  is  a  locally  trivial  fibre 
bundle.  Let  X  be  a  G-space  with  fixed  base-point  *.  Then  there  is  a  fibre  bundle 

X  — >Y  xqX  — ^  Y/G 

such  that  Y/G  — >  Y  xqX  is  a  cofibration  with  cofibre  {Y  x q X) / (Y / G)  and  there  is  a  homotopy 
equivalence 

YiY  XG  X)  cx  Y{Y/G)  V  E((y  Xg  X)/{Y/G)). 

Proof.  A  version  of  this  lemma  can  be  found  in  [2] .  □ 

Note  that  the  orbit  space  Y/G  can  be  rewritten  as  U  Xg  *• 

Proof  of  Theorem  3. 7.  Define  a  map 

H  -.Y  X  J{X)  — ^  J(  Y  y  X  A«) 

9>1 

(y,  (xi, . .  .,Xn))  y  X  a;/ 

/C[n] 

where  xj  =  Xi.^  A  ■  ■  ■  Axi^  ior  I  =  (ii, ...  ,ig)  running  over  all  admissible  sequences  in  [n],  that  is 
all  sequences  of  the  form  (zi  <  •  •  •  <  iq),  and  xj  having  the  left  lexicographic  order.  G  acts  on 
Y  X  J{X)  diagonally  by 

9  ■  {y,  {xi---  x„))  =  {g-y,  {{g  ■  xi)  ■  ■  ■  {g  ■  a;„))). 

Hence,  G  acts  on  J(Vg>i  ^  x  by 

9-{Y[yxxi)=  {g  ■  y)  X  {g  ■  Xi^  A- ■■  Ag  ■  x,J. 

/C[n]  {ii,...,i,}=/C[n] 

Note  that  the  base-point  *  is  fixed  by  the  action  of  G.  It  follows  that  the  map  H  satisfies 
H{g  ■  {y,{xi,...,Xr/))  =  (y  •  y)  x  (y  •  A  •  •  •  A  y  •  x*  J 

{ii,...,i,}=7C[n] 

=  9  -  {  n  y^^i)=9'  H{{y,{xi,...,Xn)), 

/C[n] 

SO  H  is  G-equivariant.  Taking  the  quotient  by  the  diagonal  G-action  there  is  an  induced  map 

Hg 


Y  X  J{X)  - ^ - >  J(V,>1  y  X  A«) 

y  XG  J(A)  J{Y/G  V  (V,>1  U  X  xyiY  XG  *))). 
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By  Lemma  3.6  there  is  a  map  Hq,  such  that  the  following  diagram  commutes 

r  XG  J{X) - ^ ^  J{Y/G  V  (V,>1  r  X  xyiY  XG  *))) 


J{Y  xg  JiX))  =  nY{Y  xg  J{X)). 

The  claim  is  that  Hg  is  a  homotopy  equivalence,  and  the  theorem  follows. 

To  prove  the  claim,  similarly  as  in  the  case  of  Theorem  3.5,  induction  on  James  filtration  will 
be  used.  On  one  side  q  will  mean  the  g-th  stage  of  the  James  filtration,  and  on  the  other  side  it 
will  be  the  g-fold  smash  product  of  X.  Hence,  we  will  restrict  Hg  to  those  spaces  and  compare 
them.  Recall  that  the  filtration  is  given  by 

Jq{X)  =  *  C  Ji{X)  =X  C  J2iX)  C  •  •  •  C  JgiX)  c  •  •  •  c  JiX). 

Let  fq  be  the  map  of  Hg  restricted  to  the  g-th  stage. 

For  the  case  g  =  1,  there  is  a  map 

YiY  XG  JiiX))  A  S(y/G  V  (r  XG  X)/Y  XG  *). 

From  Lemma  3.8,  it  follows  that  this  map  is  a  homotopy  equivalence 

E(y  XG  Jiix))  -  E(y/G  V  (y  xg  x)/y  xg  *). 

Using  the  induction  step,  assume  that  there  is  a  homotopy  equivalence 
E(r  XG  J,(X))csS(r/GV(  V  YxgX^/Yxg*)). 

l<n<q 

Then  we  get 

E(y  XG  Jq{X)) - ^  E(y/G  V  (Vi<„<,  u  xg  X^/Y  xg  *)) 


E(y  XG  J,+iix))  — ^  E(y/G  V  (Vi<„<,+i(u  xg  x")/y  xg  *)) 


E((r  XG  Jq+iixj)/iY  XG  Jqix)))  — ^  E((y  XG  x«+i)/(y  xg  *)), 


where  gi  is  a  homotopy  equivalence  by  hypothesis.  Using  the  Serre  spectral  sequence  for  homol¬ 
ogy,  it  follows  by  inspection  that 

iL,((r  Xg  J,+i(X));Z)^iJ,(y/Gv(  V  y  xg^”/Uxg*);Z). 

l<n<g+l 


This  suffices. 


□ 


A  slightly  different  proof  of  the  theorem  is  given  next,  see  [26].  The  curent  proof  is  an 
equivariant  splitting. 
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Consider  the  map 

l<g<oo 

defined  above.  Next  filter  by  defining 

FmJ{  V 

l<g<oo 

to  be  the  image  of 

j(  V 

l<q<N 

Lemma  3.9.  If  X  has  a  base-point,  then  the  map 

H-.J{X)^J{  V 

l<g<oo 

restricts  to  a  map 

H  :  Jn{X)  ^  FnJ{  V  V’j-A  V  X«), 

l<g'<oo 

and  preserves  filtrations.  Furthermore,  the  map  FI  :  Jn{X)  — )■  </(Vi<g<A  G-equivariant. 

The  next  lemma  follows  by  inspection. 

Lemma  3.10.  Let  X  be  a  pointed  space  where  the  group  G  acts  on  the  space  Y  as  well  as  on 
X  fixing  the  base-point  of  X.  Then  there  is  a  map 

H:Yx  J{X)  -xJ{  y  {Yx  X«)) 

l<q'<oo 


defined  by 


H{y;{xi,---  ,Xq))  = 

l<ii 

<  .<it<q 

Furthermore,  there  is  an  induced  map 

Y  xgJn{X)/Y  xg*  - 

>  -^GXUY  XG*)) 

together  with  a  strictly  commutative  diagram 

Y  xgJn-i{X)/Y  xg*  - 

1 

^.J  (inclusion) 

Y  xg  Jn{X)/Y  xg* 

>  J{y,<g<N{Y  xgXUY  XG*)) 

1 

J  (projection) 

Y  xg{X^)/Y  Xg* 

>  (Y  xgX^/Y  Xg*). 

The  map 

H:JiX)^J{  y  X^) 

l<g<oo 

restricts  to  a  map 

H  :  Jn{X)  ^  FnJ{  V  V’j-A  V  X«), 

l<q'<oo 

and  preserves  filtrations.  Furthermore,  the  map  FI  :  Jn{X)  — >  J (fj Kgcj^i  X'^)  is  G-equivariant. 
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Let  G  be  a  compact  and  connected  Lie  group  with  maximal  torus  T.  Consider  the  quotient 
space  G  x  nt  J{T),  where  NT  acts  diagonally  on  the  product  G  x  J{T).  Then  the  following  are 
immediate  corollaries  of  Theorem  3.7.  Thus  Theorem  1.13  is  the  following  corollary. 

Corollary  3.11.  Let  G  be  a  compact  and  connected  Lie  group  with  maximal  torus  T,  and  NT 
acting  on  T  by  conjugation  and  on  G  by  group  multiplication.  There  is  a  homotopy  equivalence 

S(G  xnt  JiT))  ~  T{G/NT\J  {\J  Gxmt  f^/G  xnt  {!}))• 

n>l 

Corollary  3.12.  With  the  same  assumptions  of  Corollary  3.11,  there  is  a  homotopy  equivalence 
S(G  Xnt  J{T)/{G  x  {1}))  -  T{G/NTy  i\/  Gxnt  T"/G  xnt  {1}))/(G  x  {1}). 

n>l 


4.  Proof  of  Theorem  1.15 

The  space  Gomm{G)  is  a  special  case  of  a  more  general  construction  on  G.  Let  Fn  be  a  free 
group  on  n  letters.  Consider  the  descending  central  series  of  denoted 

•  •  •  c  r«(F„)  c  . . .  c  r3(i^„)  c  r2(F„)  c  f„. 

Then  Z”  =  F„/r^(F„)  =  Fn/[Fn,Fn].  Consider  the  quotients  F„/r^(T’„).  There  are  spaces  of 
homomorphisms  Hom(T'„/r®(F„),  G)  which  can  be  realized  as  subspaces  of  G”  by  identifying  /  € 
Hom(if„/r«(F„),  G)  with  {gi, . . .  ,gn)  G  G”,  where  f{xi)  =  gi  and  xi,...,Xn  are  the  generators 
of  F„/r«(F„).  The  following  definition  extends  the  definition  of  Gomm{G)  to  include  spaces  of 
homomorphisms  Hom(T’„/r'^(F„),  G). 


Definition  4.1.  Define  spaces  X{q,G)  C  Assoc{G)  for  g  >  2  as  follows 

X{q,G)  :=  □  Hom(i^„/r«(F„),G)/~ 

n>l 

where  ~  is  the  equivalence  relation  defined  by 

(xi, . . . ,  Xn)  ~  (^1)  •  ■  •  7  X2—1,  Xi,  Xi.^1, . . . ,  x^)  if  Xj  = 

as  in  Definition  1.1.  Note  the  space  X{q,G)  coincides  with  Gomm{q,G)  in  Dehnition  1.1. 

The  inclusions  Hom(F„/r'^,  G)  ^  Hom(F„/r^+^,  G)  obtained  by  precomposition  of  maps, 
induce  inclusions  X{q,G)  C  X{q  +  1,G)  for  all  q  >  2.  Hence,  there  is  a  filtration  of  Hssoc(G) 
by  the  spaces  X{q,  G) 

Gomm{G)  =  X(2,  G)  C  X(3,  G)  C  •  •  •  C  X(q,  G)  C  •  •  •  C  J(G)  =  Hssoc(G). 

The  space  X(g,  G)  stably  splits  if  suspended  once. 

Theorem  4.2.  Let  G  be  a  compact  and  connected  Lie  group.  There  are  homotopy  equivalences 

TGomm{G)  ~  E  \/  Ifo5i(Z”,G), 

n>l 

and  the  spaces  X{q,G) 


^x{q,G)  -  s  V  m^(F„/r«(T’„),G). 
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Proof.  Let  q>  2.  Define  a  filtration  of  X{q,  G)  as  follows 

FiX{q,  G)  C  F2X{q,  G)  C  . .  .  C  F„X{q,  G)  C  F„+iX{q,  G)  C  ■  ■  ■  , 
where  by  definition  FnX{q,  G)  is  the  image  of 

U  Hom(Fi/r«(i^t),G) 

l<t<n 

in  X{q,G).  Notice  that  in  the  special  case  of  g  =  2,  Z"  = 

Hence,  FnX{q,  G)  is  the  space  of  words  of  length  at  most  n,  such  that  the  letters  of  the  words 
are  in  Hom(_F„/r'^(F„),  G)  (or  Z”  in  case  q  =  2). 

In  case  q  =  2,  it  follows  that  the  quotient  of  two  consecutive  stages  of  the  filtration  is 

Fq+iX{2,G)/FgX{2,G)  ~  Hom(Z«+\ G)/S'(Hom(Z«+\  G))  =:  ltoii(Z«+\G). 

In  case  g  >  2,  it  was  verified  in  [2]  that  the  inclusions 

Hom(i^„_i/r«(i^„_i),G)  ^  Hom(F„/r«(F„),G) 

are  closed  cofibrations.  By  the  above  remarks,  these  inclusions  are  split.  Thus  there  are  cofibra- 
tion  sequences 

Hom(F„_i/r«(F„_i),G)  -A  Hom(F„/r«(F„),  G)  ^  G, 
where  G  is  the  cofibre  Hom(F„/r^(T’„),  G)/Hom(T’„_i/r'3(T’„_i),  G),  and  the  sequences  are  split 
via  the  natural  projection  map 

:  Hom(i^„/r«(F„),G)  ^  Hom(F„_i/r9(F„_i),  G) 
which  deletes  the  n-th  coordinate. 

Notice  that  2lssoc(G)  =  J(G)  splits  after  one  suspension  as 

E  Y  G”. 

l<n<oo 

The  splitting  of  X{q,G)  is  induced  by  inspection.  It  follows  that  X{q,G)  splits  as  stated.  □ 


If  G  is  a  closed  subgroup  of  GL^^C),  then  A.  Adem  and  F.  Cohen  [2]  show  that  there  is  a 
homotopy  equivalence 


il) 

E(Hom(Z",G))  ~  Y  E(  YHom(Z'=,G)/S'(Hom(Z'=,G))). 

l<fc<n 


Therefore,  for  these  Lie  groups,  it  is  possible  to  obtain  all  the  stable  summands  of  Hom(Z",  G) 
from  the  stable  summands  of  Comm{G). 


5.  Proof  of  Theorem  1.16 

Let  G  be  a  compact  and  connected  Lie  group  and  R  be  the  ring  Z  [1/|IF|].  Using  Lemma  2.1 
and  Theorems  2.2  and  2.3,  the  following  theorem  holds. 

Theorem  5.1.  Let  G  be  a  compact  and  connected  Lie  group  with  maximal  torus  T  and  Weyl 
group  W .  Then  there  is  an  isomorphism  in  homology 

H,{Gxnt  J(T);i?)  9^^  iL*(Gomm(G)i;i?). 

Theorem  5.2.  Let  G  be  a  compact  and  connected  Lie  group  with  maximal  torus  T  and  Weyl 
group  W .  Then  there  is  an  isomorphism  in  homology 

H4Comm{G)i-,R)  ^  {H,{G/T-R)  ®r7[V])^. 
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Proof.  There  is  a  short  exact  sequence  of  groups 

NT 

and  associated  to  it,  there  is  a  fibration  sequence 

(G  X  J{T))/T  ^  (G  X  J{T))/NT  BW, 
which  is  equivalent  to  the  fibration 

G  XT  J(T)  — ^  G  Xmt  J{T)  — ^  BW. 

The  Leray  spectral  sequence  has  second  page  given  by  the  groups 

El^  =  Hp{BW;H,{G  Xt  J{T)- R)) 

which  converges  to  Hp+q{G  x nt  J{T)\  R).  Since  €  R,  it  follows  that  ^  =  0  and  the 

groups  on  the  vertical  axis  are  given  by 

Elt=Ho{BW-Ht{GxTJ{T)-R)). 

Recall  that  homology  in  degree  0  is  given  by  the  coinvariants 

Ho{BW;HtiGxTJ{T);R))  =  {Ht{G  Xt  J{T)-R))^. 

Also  T  acts  by  conjugation  and  thus  trivially  on  T",  so  it  acts  trivially  on  J{T).  Hence,  G  Xt 
J{T)  =  G/T  X  J{T). 

The  flag  variety  G/T  has  torsion  free  integer  homology,  see  [12],  and  so  does  J(T).  So  the 
homology  of  G/T  x  J{T)  with  coefficients  in  R  is  given  by  the  following  tensor  product 

Ht{GxTJ{T)-R)=  0  [HflG/T;R)®RHflJ{T)-R)\. 

i+j=t 

The  spectral  sequence  collapses  at  the  E"^  term  as  stated  above.  Hence, 

Ho{BW;Ht{GxTJ{Ty,R))^(  0  [HflG/T;  R)  ^r  HflJ{Ty,  R)] 

^  i+j=t 

Using  Theorem  5.1,  it  follows  that 

HflCommiG)i;R)  ^  HflG  Xnt  J(T);R)  =  (£f,(G/T;  R)  i7*(J(r); 

Recall  that  the  homology  of  J{T)  is  the  tensor  algebra  on  the  reduced  homology  of  T.  Let 
T[U]  denote  the  tensor  algebra  on  the  reduced  homology  of  T,  denoted  by  V.  Then  there  is  an 
isomorphism 

HflGommiGfl;  R)  =  {HflG/T-R)  ®r7[V])^. 

□ 

If  G  has  the  property  that  every  abelian  subgroup  is  contained  in  a  path-connected  abelian 
subgroup,  then  Hom(Z”,  G)  is  path-connected,  see  [2].  Some  of  these  groups  include  U{n),  SU{n) 
and  Sp(n).  In  this  case  Comm{G)  is  also  path-connected  and  it  follows  that  Comm{G)i  = 
Gomm{G). 

Corollary  5.3.  Let  G  be  a  compact,  connected  Lie  group  with  maximal  torus  T  and  Weyl  group 
W,  such  that  every  abelian  subgroup  is  contained  in  a  path- connected  abelian  subgroup.  Then 
there  is  an  isomorphism  in  homology 

HflGommiGyR)  ^  {HflG/T-R)  ®r  7[V])^. 

To  find  the  homology  groups  of  Gomm{G)i  explicitly,  it  is  necessary  to  find  the  coinvariants 

{HflG/T-R)  ®rT[U])^. 

This  leads  the  subject  to  representation  theory.  Note  that  Theorem  5.2  can  also  be  used  to  study 
the  cases  of  the  compact  and  connected  simple  exceptional  Lie  groups  G2,  Tj,  Lie,  Er  and  Gg. 
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6.  Proof  of  Theorem  1.17 

Let  denote  ungraded  homology  and  T[/[y]  denote  the  ungraded  tensor  algebra  over  V, 
where  V  is  the  reduced  homology  of  T  with  coefficients  in  R. 

The  homology  H^,{G/T;  R),  if  considered  ungraded,  is  isomorphic  as  an  i?[lT]-module  to  the 
group  ring  of  W,  namely  This  fact  was  proven  in  [9,  Proposition  B.l],  thus  ignoring  the 

grading  of  the  homology  i7*(G'/T;  R)  in  the  proof  of  Theorem  5.2,  as  a  IT-module  the  homology 
is  isomorphic  to  i?[lT].  Furthermore,  as  an  ungraded  module,  there  is  an  isomorphism 

H^G/T)  7[V]  ^  T[P]. 

The  next  theorem  follows. 

Theorem  6.1.  Let  G  be  a  compact,  connected  Lie  group  with  maximal  torus  T  and  Weyl  group 
W .  Then  there  is  an  isomorphism  in  ungraded  homology 

H^{Comm{G)i]R)  ^  7u[V]. 

Proof.  From  Theorem  5.2  there  is  an  isomorphism  in  homology  given  by 
H4Gomm{G)i;R)  ^  {H,{G/T-R) 

If  all  homology  is  ungraded,  then  there  are  isomorphisms  in  ungraded  homology  given  by 
H^{Comm{G)^-R)  ^  {R[W]  ®r7u[V])^  ^  R[W]  =  7u[V]. 

□ 

This  shows  that  as  an  abelian  group,  without  the  grading,  the  homology  of  Comm{G)i  with 
coefficients  in  R  is  the  ungraded  tensor  algebra  T(7[P].  The  following  is  an  immediate  corollary 
of  Theorem  6.1. 

Corollary  6.2.  Let  G  be  a  compact,  connected  Lie  group  with  maximal  torus  T  and  Weyl  group 
W,  such  that  every  abelian  subgroup  is  contained  in  a  path- connected  abelian  subgroup.  Then 
there  is  an  isomorphism  in  ungraded  homology 

H^{Gomm{G);R)  ^  7u[V]. 


7.  The  James  construction 

The  purpose  of  this  section  is  to  give  an  exposition  of  some  properties  of  J(X),  the  free  monoid 
generated  by  the  space  X  with  the  base-point  in  X  acting  as  the  identity,  see  Definition  3.1. 
The  properties  listed  here  are  well-known,  and  are  stated  for  the  convenience  of  the  reader. 

Recall  the  homology  of  J{X)  for  any  path-connected  space  X  of  the  homotopy  type  of  a  CW- 
complex.  Let  i?  be  a  commutative  ring  with  1.  Assume  that  homology  is  taken  with  coefficients 
in  the  ring  R  where  the  homology  of  X  is  assumed  to  be  i?-free.  Finally,  let 

W  =  ff4X;R) 

the  reduced  homology  of  X,  and 

T[IT] 

be  the  tensor  algebra  generated  by  W.  Then  the  Bott-Samelson  theorem  gives  an  isomorphism 
of  algebras 

7[W]  ^  H,{J{X);R). 

Although  their  results  give  a  more  precise  description  of  this  isomorphism  as  Hopf  algebras,  that 
additional  information  is  not  used  here. 

Furthermore,  if  X  is  of  finite  type,  the  Hilbert-Poincare  series  for  R)  is  defined  in  the 

usual  way  as 
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mih{x,t)  = 

0<n 

where  dn  is  the  rank  of  Hn{J{X);  R)  as  an  i?-module  (with  the  freeness  assumptions  made 
above).  Then  the  following  formula  holds: 

Hilb(  J(X),  t)  =  1/(1  -  (Hilb(X,  t)  -  1))  =  1/(2  -  Hilb(X,  t)). 

An  example  is  described  next  where  A1  is  a  finite  product  of  circles. 

Example  7.1.  If 

x  =  {s^r, 

then 

mih{x,t)  =  {i  +  tr=  Y. 

0<j<m  ' 

thus 

Hilb( J(X),  t)  =  1/(2  -  (1  +  tr)  =  ^ 

In  the  next  three  sections,  this  procedure  will  be  used  to  describe  the  ungraded  homology 
groups  of  Commit  (G)  for  various  choices  of  the  group  G. 

8.  An  example  given  by  S0{3) 

Consider  the  special  orthogonal  group  S'0(3).  The  connected  components  of  Comm{SO{3)) 
are  given  next.  D.  Sjerve  and  E.  Torres-Giese  [18]  showed  that  the  space  Hom(Z",  S'0(3))  has 
the  following  decomposition  into  path  components 

Hom(Z",  AO(3))  «  Hom(Z”,  SO{3))i  jj  ( jj  , 

where  Qg  is  the  group  of  quaternions  acting  on  the  3-sphere.  is  a  finite  positive  integer 
depending  on  n  and  equals  ^  (4”  -|-  3  •  2”  -|-  2)  if  n  is  even,  and  |(4”“^  —  1)  —  2”“^  -I-  1  otherwise. 
By  definition  it  follows  that 

Gomm(5'0(3))  =  (  \_\  [Hom(Z",  S'0(3))i  LKU^VOs)])/-, 

^n>l  Af„  ^ 

where  ~  is  the  relation  in  Definition  1.1. 

An  n-tuple  (Mi, . . . ,  M„)  is  in  the  connected  component  Hom(Z",  5'0(3))i  if  and  only  if  all  the 
matrices  Mi, . . . ,  M„  are  rotations  about  the  same  axis.  The  n-tuple  is  in  one  of  the  components 
homeomorphic  to  S^/Qs  if  and  only  if  there  are  two  matrices  Mi  and  Mj  that  are  rotations 
about  orthogonal  axes  such  that  the  other  coordinates  are  equal  to  one  of  M^,  Mj,  MiMj  or 
1g,  see  [18].  For  any  positive  integer  n  there  is  at  least  one  n-tuple  not  in  Hom(Z”,  S'0(3))i 
with  no  coordinate  the  identity.  Therefore,  in  the  identifications  above  the  number  of  copies  of 
S^/Qs  increases  with  n  and  there  are  infinitely  many  copies  of  S^/Qs  as  connected  components 
of  Comm{SO{3)).  So  it  follows  that  Comm{SO{3))  has  the  following  path  components 

Comm{SO{3))  =  Comm{SO{3))i  U(U  SVQs). 

OO 

See  [30]  for  more  details.  Note  that  Theorem  1.20  gives  information  about  the  rational  cohomol¬ 
ogy  as  well  as  the  integral  cohomology  with  2  inverted  of  Comm{SO{3))i. 
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9.  The  cases  of  U{n),  SU{n),  Sp{n),  and  Spin{n) 

Recall  the  map  of  spaces 

0  :  G  XjvT  JiT)  — >■  Commi^{G), 

which  induces  a  map  in  singular  homology  which  is  an  isomorphism  under  the  conditions  that 
G  is  compact,  simply-connected,  and  the  order  of  the  Weyl  group  W  for  a  maximal  torus  T  has 
been  inverted  in  the  coefficient  ring  (Theorem  5.2).  The  purpose  of  this  section  is  to  describe 
the  ungraded  homology  of  Gomm(G)  for  G  one  of  the  groups  U{n),  SU{n),  Sp(n),  and  Spin(n). 
A  maximal  torus  for  U  (n)  is  of  rank  n  given  by 

T=  (A^)". 

Thus  the  ungraded  homology  of  Gomm{U{n))  has  Poincare  series 

Hilb(Comm(C/(n)),  t)  =  1/(2  -  (1  -b  t)”). 

The  analogous  result  for  SU{n)  follows,  that  is,  the  Poincare  series  is  given  by 

Hilb(C'omm(S'17(n)),  t)  =  1/(2  -  (1  -b 

These  series  give  the  ungraded  homology  of  Gomm{G)  for  G  =  U{n)  and  SU{n),  respectively. 

The  case  of  Sp{n)  is  analogous  as  a  maximal  torus  is  of  rank  n,  so  the  Poincare  series  for  the 
ungraded  homology  of  Gomm{Sp{n))  with  n!  inverted  is 

Hilb(Comm(S'p(n)),  t)  =  1/(2  —  (1  -b  t)"). 

The  cases  of  SO{n)  and  Spin{n)  breaks  down  classically  into  two  cases  as  expected  with 
n  =  2a  or  n  =  26  -b  1. 

First,  the  case  of 

n  =  26  -b  1. 

The  rank  of  a  maximal  torus  (finite  product  of  circles)  is  6.  Thus  the  Poincare  series  for  the 
ungraded  homology  of  Gomm(Spin(2b  +  l),t)  with  n!  =  (26  -b  1)!  inverted  is 

Hilb(C'omTO(S'pm(26  -b  1)),  t)  =  1/(2  —  (1  -b  t)^). 

Second,  the  case  of 

n  =  2a. 

The  rank  of  a  maximal  torus  (finite  product  of  circles)  is  a.  Thus  the  Poincare  series  for  the 
ungraded  homology  of  Gomm{Spin(2a),t)  with  n!  =  (2a)!  inverted  is 

Hilb(C'omTO(S'pm(2a)),  t)  =  1/(2  —  (1  -b  t)“). 

10.  Results  for  G2,  F4,  Eq,  Ey  and  Es 

In  this  section  applications  of  earlier  results  concerning  Gomm{G)  are  applied  to  the  classical 
exceptional,  simply-connected,  simple  compact  Lie  groups  G2,  F4,  Eq,  Ey  and  Eq.  In  particular, 
the  ungraded  homology  of  Gomm{G)  is  given  in  these  cases. 

Recall  the  map 

Q  :  G  X  NT  J{T)  — )•  Gomm{G). 

In  the  special  cases  of  this  section,  if  the  rank  of  the  maximal  torus  is  r,  then  a  choice  of  maximal 
torus  will  be  denoted 

Tr. 

Thus  the  following  is  classical,  see  [15].  The  first  explicit  determination  of  the  Poincare  polyno¬ 
mials  of  the  exceptional  simple  Lie  groups  has  been  accomplished  by  Yen  Chih-Ta  [16]. 

(1)  If  G  =  G2,  then  r  =  2,  the  Weyl  group  W  is  the  dihedral  group  of  order  12,  and  the 
cohomology  with  6  inverted  is  an  exterior  algebra  on  classes  in  degrees  3,  and  11, 

(2)  If  G  =  E4,  then  r  =  4,  the  Weyl  group  W  is  the  dihedral  group  of  order  2^  x  3^  =  1, 152, 
and  and  the  cohomology  with  6  inverted  is  an  exterior  algebra  on  classes  in  degrees 
3,11,15,23. 
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(3)  If  G  =  Eq,  then  r  =  6,  the  Weyl  group  W  is  0(6,  F2)  of  order  51,840,  and  and  the 
cohomology  with  6  inverted  is  an  exterior  algebra  on  classes  in  degrees  3,  9, 11, 15, 17,  23. 

(4)  If  G  =  Et,  then  r  =  7,  the  Weyl  group  W  is  0(7,  F2)  x  Z/2  of  order  2,903,040,  and 
and  the  cohomology  with  2  •  3  •  5  •  7  inverted  is  an  exterior  algebra  on  classes  in  degrees 
3,11,15,19,23,27, 35. 

(5)  If  G  =  Es,  then  r  =  8,  the  Weyl  group  W  is  a  double  cover  of  0(8, F2)  of  order 
(2^^)(3®)(5^)(7),  and  the  cohomology  with  2  •  3  •  5  •  7  inverted  is  an  exterior  algebra  on 
classes  in  degrees  3, 15, 23, 27, 35, 39, 47, 59,  and  11, 


Finally,  recall  Theorem  6.1  restated  as  follows  where  E[^{X;R)  denotes  ungraded  homology. 

Theorem  10.1.  Let  G  be  one  of  the  exceptional  Lie  groups  G2,  F4,  Eq,  Ey,  Eg  with  maximal 
torus  T  and  Weyl  group  W.  Then  there  is  an  isomorphism  in  ungraded  homology 

H^{Comm{G);R)  ^  7u[V]. 

One  consequence  is  that  if  homology  groups  are  regarded  as  ungraded,  then  the  copies  of  the 
group  ring  can  be  canceled,  and  this  gives  the  ungraded  homology  of  Gomm(G)  in  the  cases  of 
these  exceptional  Lie  groups,  which  are  recorded  as  follows. 

Corollary  10.2.  Let  G  he  one  of  G2,  F4,  Eq,  Et,  Eg.  The  ungraded  homology  of  Gomm(G)i  in 
these  cases  with  coefficients  in  Z[1/|1F|],  where  \W\  is  the  order  of  the  Weyl  group,  is  given  as 
follows:  The  ungraded  homology  is  isomorphic  to 

T[i?,(T)] 

where  T  is  a  maximal  torus.  For  each  of  the  groups,  the  Hilbert- Poincare  series  is  given  as 
follows 

(1)  IfG  =  G2,  then  the  ungraded  homology  of  Gomm{G)i  is  the  tensor  algebra  T[i7*((S'^)^)], 
and  has  Hilbert- Poincare  series 

l/{l-2t-t^). 

(2)  IfG  =  F4,  then  the  ungraded  homology  of  Comm{G)i  is  the  tensor  algebra  T[i7*((S'^)^)], 
and  has  Hilbert- Poincare  series 

1/(2 -{1  +  tf). 

(3)  IfG  =  Eq,  then  the  ungraded  homology  of  Gomm(G)i  is  the  tensor  algebra  T[i7*((S'^)®)], 
and  has  Hilbert- Poincare  series 

1/(2 -(l  +  tf). 

(4)  IfG  =  E’j,  then  the  ungraded  homology  of  Gomm(G)i  is  the  tensor  algebra  T[i7*((S'^)^)], 
and  has  Hilbert- Poincare  series 

1/(2 -(l  +  tf). 

(5)  IfG  =  Eg,  then  the  ungraded  homology  of  Gomm(G)i  is  the  tensor  algebra  T[i7*((S'^)®)], 
and  has  Hilbert- Poincare  series 

l/(2-(l  +  t)f. 


Appendix  A.  Proof  of  Theorem  1.20 


V.  Reiner 
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Let  W  he  a,  finite  subgroup  of  GL„(M)  generated  by  reflections  acting  on  M".  Then  W  also 
acts  in  a  grade-preserving  fashion  on  the  polynomial  algebra 

where  are  a  basis  for  the  dual  space  (M")*.  The  theorem  of  Shephard- Todd  and 

Chevalley  [14,  §4.1]  asserts  that  the  subalgebra  of  IL-invariant  polynomials  is  again  a  polynomial 
algebra 

=  R[h,...,U]. 

One  can  choose  the  /i, . . . ,  homogeneous,  say  with  degrees  di, . . . ,  (i„.  For  example,  when  W 
is  the  symmetric  group  S'„  permuting  coordinates  in  M",  one  can  choose  fi  =  ei{xi, . . . ,  x„)  the 
elementary  symmetric  functions,  and  one  has  (di, . . . ,  d„)  =  (1,  2, . . . ,  n). 

The  usual  grading  conventions  for  the  cohomology  of  a  topological  space  requires  that  all 
degrees  dj  be  doubled  in  the  formulas  here.  For  example,  in  the  case  of  G  =  C/ (n)  with  W  given 
by  the  symmetric  group  on  n- letters,  the  value  dj  =  j,  but  the  homological  degree  of  the  j-th 
Chern  class  is  degree  2j. 

Then  R^  has  the  following  N-graded  Hilbert  series  in  the  variable  g: 

OO  n  - 

(A.l)  mih{R^,q)  :=  ^dimR(i?f")  d*  = 

i=o  j=i^  ^  ' 

The  coinvariant  algebra  is  the  quotient  ring 

C:=R/{fu...Jn)  =  R/{R^), 

which  also  carries  a  grade-preserving  fF-action. 

In  addition,  we  consider  the  IF-action  on  the  exterior  algebra  E  =  AM",  the  reduced  exterior 
algebra  E  :=  ®'k=i  and  on  the  M-dual  T*[if]  of  the  tensor  algebra  over  M  on  E.  These 

will  have  their  own  separate  N^-bi-grading  so  that  the  M-dual  of  A^M"  lies  in  bidegree 
and  the  M-dual  of  A^'^M"  0  •  •  •  0  A^™M"  lies  in  the  bidegree  (fci  -I-  •  •  •  -I-  km,rn)  of  ‘J*[£'].  Thus 
the  diagonal  action  of  IF  on  the  tensor  product  C®7*[E]  over  M  respects  an  -tri- grading.  Its 

IF-fixed  space  has  trigraded  Hilbert  series  defined  by 

Hilb  (^(C<S>7*[E]^^  ,q,s,?j 

■■=  dimR(G*(g)(A'=iM"(g)---(g)A'=-M")*)  qi  _ 

i,m=0 

in  {1,2,...}”' 

In  the  next  theorem,  the  exponent  in  is  doubled  as  these  degrees  correspond  to  the  topo¬ 
logical  degrees  in  the  invariant  algebra. 


Theorem  A.l.  If  G  is  a  compact,  connected  Lie  group  with  maximal  torus  T,  and  Weyl  group 
W,  then 


Hilb  MG*  (g)T*[£;])'^,g,s,t 


|IF| 


E 

wGW 


det(I  —  q'^w)  (I  —  t(det(l  +  sw)  —  I)) ' 


Proof.  For  any  (ungraded)  finite-dimensional  IF-representation  X  over  M,  one  has  an  isomor¬ 
phism  [14,  (4.5)]  of  N-graded  M-vector  spaces 

(A.2)  (R^X)^  ^  R'^  . 
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If  the  T4^-action  respects  an  additional  N^-grading  on  X  =  separate  from  the  N- 

grading  on  R,  then  (A. 2)  becomes  an  isomorphism  of  N^-trigraded  M-vector  spaces.  Conse¬ 
quently,  one  has 


(A.3) 


Hilb((C'*(g)X)'^,g,s,t) 


Hilb  (^{R  0  X)^  ,  q,  s, 

^  m\h{R'^,q) 

n 

=  11(1  -  .  Hilb  ({{R  ®  X)^  ,  g,  s,  t) 


i=l 


using  (A.l)  for  the  last  equality. 
Next  note  that 


OO 

Hilb  ((i?  O  X)^  ,  g,  s,  t)  =  ^  dimR  {R,  0  A,, q^sH^ 


(A.4) 


^  OO 

=  H  Trace 


as  7T  :  V  I — l/l^l  idempotent  projection  onto  the  Id^-fixed  subspace  of 

any  hC-representation  V,  so  the  trace  of  tt  is  dimR(y’^).  Taking  X  =  T*[E]  in  (A.3)  and  (A.4), 
the  theorem  follows  from  this  claim:  for  any  ru  in  IT, 


(A.5) 


OO 

Trace 


q^sH"^  = 


1 


det(l  —  q'^w)  (1  —  t(det(l  -I-  sw)  —  1)) 


To  prove  the  claim  (A.5),  start  with  the  facts  [14,  Example  3.25]  that 
"  1  1 


(A.6) 

(A.7) 


Trace  (wjfijg^  = 


i=0 


det(l  —  g^w“i)  det(l  —  g^ic) ' 


y^  Trace  (w| ^iRr. )  =  det(l -|- src)  =  det(l -|- src  ^). 

j=o 

The  rightmost  equalities  in  (A. 6), (A. 7)  arise  because  w  acts  orthogonally  on  M",  forcing  w,w~^ 
to  have  the  same  eigenvalues  with  multiplicities.  From  (A.7)  one  deduces  that 

n 

y^  Trace  (icIair")  =  det(l  -I-  sw)  —  1. 
i=i 

Since  (the  dual  of)  A-’M"  lies  in  the  bidegree  7*[E]j^i,  this  implies 

„  1 


(A.8) 


y^  Trace  (^w\ 


T*[E], 


j^m—0 


sH^  = 


I  —  t  (det(l  -I-  sw^)  —  1) 
1 


1  —  t  (det(l  -I-  sw)  —  1)  ’ 

Consequently  the  claim  (A.5)  follows  from  (A.6)  and  (A.8),  since  graded  traces  are  multiplicative 
on  graded  tensor  products.  This  completes  the  proof.  □ 
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